Uniqueness of asymptotic cones of complete noncompact shrinking gradient
  Ricci solitons with Ricci curvature decay by Chow, Bennett & Lu, Peng
ar
X
iv
:1
50
6.
03
05
4v
1 
 [m
ath
.D
G]
  5
 Ju
n 2
01
5
Uniqueness of asymptotic cones of complete noncompact shrinking
gradient Ricci solitons with Ricci curvature decay
Bennett Chow∗ Peng Lu†
Most of this paper follows §2 of Kotschwar and Wang [1]. Let (Mn, g¯, f¯) be a complete noncompact
shrinking gradient Ricci soliton with |Rcg¯ |(x) → 0 as x → ∞. By Munteanu and Wang [2], fixing
p ∈ M, there is a constant C such that |Rmg¯ |(x) ≤ Cf¯ (x)−1 ≤ C (dg¯(x, p) + 1)−2 for x ∈ M.
Hence |∇f¯ |2 = f¯ − Rg¯ ≥ f¯ − a2f¯ for some constant a. By the canonical form, for t < 1 there exist
diffeomorphisms ϕt : M → M, defined by ∂∂tϕt (x) = 11−t
(∇g¯f¯) (ϕt (x)), ϕ0 = id, such that g(t) =
(1− t)ϕ∗t g¯ solves Ricci flow and f(x, t) + f¯ (ϕt (x)) > 0 satisfies Rc g(t)+∇2g(t)f(t)− 12(1−t)g(t) = 0 and
∂f
∂t
(x, t) =
1
1− t |∇g¯f¯ |
2 (ϕt (x)) ≥ 1
1− t
(
f(x, t)− a
2
f(x, t)
)
. (1)
Suppose x satisfies f¯(x) ≥ a√
1−ε2 , ε > 0. By
f
f2−a2
∂f
∂t ≥ 11−t , f(x, t)2 − a2 ≥ (1− t)−2
(
f¯(x)2 − a2), so
f(x, t) ≥ (1− t)−1 (f¯(x)2 − a2)1/2 ≥ ε (1− t)−1 f¯(x) for t ∈ [0, 1). (2)
We have |Rmg(t) |g(t)(x) = (1 − t)−1 |Rmg¯|g¯ (ϕt (x)) ≤ C(1−t)f(x,t) ≤ C
√
1−ε2
aε . By this uniform bound for
curvature,
∫ 1
0
∣∣ ∂
∂tg (x, t)
∣∣
g(x,t)
dt ≤ C
√
1−ε2
εa , and Shi’s local derivative of curvature estimates, there exists
a smooth metric g1 on {f¯ > a} such that g(t) converges to g1 in C∞ on {f¯ ≥ a+ ε}, for every ε > 0.
Now ∂f∂t (x, t) ≤ 11−tf (x, t) implies h(x, t) + (1− t) f (x, t) ≤ f¯ (x). By 0 ≤ Rg¯ (ϕt (x)) ≤ C(1−t)εf¯(x) and
∂h
∂t
(x, t) = −f (x, t) + |∇g¯f¯ |2 (ϕt (x)) = −Rg¯ (ϕt (x)) for x ∈ {f¯ ≥ a√1−ε2} and t ∈ [0, 1), (3)
we see that h(t) converges in C0 on {f¯ > a} as t→ 1 to a function h1. By (1 − t)Rc g(t) +∇2g(t)h(t)−
1
2g(t) = 0 and elliptic theory, the convergence is in C
∞. Taking the limit of this equation as t → 1,
we obtain ∇2g1h1 −
1
2
g1 = 0. Since (1 − t)2Rg(t) + |∇h(t)|2g(t) = h(t), we have |∇h1|2g1 = h1. Moreover,
εf¯(x) ≤ h1(x) ≤ f¯ (x). Since
∣∣∂h
∂t
∣∣ ≤ C(1−t)
εf¯
, we have |h(x, t)− h1 (x)| ≤ C(1−t)
2
εf¯(x)
on {f¯ ≥ a√
1−ε2 }× [0, 1).
Define Ω = {h1 > a} ⊂ M. Taking ε = 1√2 , we get {f¯ >
√
2a} ⊂ Ω ⊂ {f¯ > a}. The function
ρ1 + 2
√
h1 on Ω satisfies ∇2g1
(
ρ21
)
= 2g1, |∇ρ1|2g1 = 1, ∇g1(ρ21) is a vector field generating a 1-parameter
family
{
ϕ1t
}
t∈[0,∞) of homotheties of (Ω, g1) into itself, the integral curves to ∇g1ρ1 are geodesics, and
there is a diffeomorphism between Ω and the product of (2
√
a,∞) and a compact manifold Σn−1 such
that g1 = dρ
2
1+ρ
2
1g˜1, where g˜1 is a C
∞ metric on Σ. This implies that (Ω, g1) extends to a regular cone.
Theorem 1 Any two asymptotic cones of a complete noncompact shrinking gradient Ricci soliton with
|Rc |(x)→ 0 as x→∞ are isometric.
Proof. Let O be a minimum point of f¯ , so that ϕt(O) = O. Suppose that a Euclidean metric
cone C is the pointed Gromov–Hausdorff limit of
(M, λ−1i dg¯, O) for some sequence λi → ∞. Since
g(1 − λ−2i ) = λ−2i ϕ∗1−λ−2
i
g¯ converges pointwise in C∞ on compact subsets of Ω to g1, we have that
(ϕ1−λ−2
i
(Ω), λ−2i g¯) converges in the C
∞ Cheeger–Gromov sense using the diffeomorphisms ϕ1−λ−2
i
. Since
dλ−2
i
g¯(ϕ1−λ−2
i
(x), O) = d(ϕ−1
1−λ
−2
i
)∗g(1−λ−2
i
)(ϕ1−λ−2
i
(x), ϕ1−λ−2
i
(O)) = dg(1−λ−2
i
)(x,O) ≤ Cdg¯(x,O),
the Cheeger–Gromov convergence matches with the pointed Gromov–Hausdorff convergence. We obtain
(Ω, g1) is isometric to the complement of a compact set in C. So C is independent of the choice of λi.
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